AD-A169 931

UNCLASSIFIED

VALIDITY OF EDGEWORTH EXPRNSIONS OF NININUN CONSTRAST /1
<U) PITTSBURGH UNIV PR CENTER FOR

ESTINATORS FOR GRUS. .

NULTIVARIATE ANALYSIS M TRNIggsHI DEC 83 T

AFOSR-TR-86-0398 F49620-85-C

-Bs_




L, N 1 Prg Flg 1T g 3 ey sV e cae 0 .- :
Rl wfa%h’f;‘,ww' o 010,00 00, Ty, 0,078 e N AP ML N T Wl o Y AT RN ot Yy SRt @ s

W

,,,
e

3
)

Tl w5
ey e
QB_' ™)
X -

~

* e e

: L fE R
i

222 e s

[y

I

v .
: !
3
Ly
‘ . -\
k.
b, "
! »
(= 4
* *
) {
i E:.
r‘ L.1
A
"-.
b
i@ v
‘l
"
{ &
>, -
14 :';‘
I}

.‘. L‘
s o~
Q. .'b
-. [h i
. ’

. "~
'e '
)

JE. .

s W W

P
>

]

f




It ™ S Ve a D NN - 2
SECUMI P CLASIP I ATION Ur Prid BAGL

on thaia Fiferau) . mwxmmu*
REPORT DOCUMENTATION PAGE STy VoA
I REPART NURBER 7 GOVY ACCTSSION NO| 3 RECIPIENT S CATALOG NUMN,
AFOSR-TR. 86-0398
S TITLE (end Swstities s Tveq oaiuvo‘;?o-:lno T
VALIDITY OF EDGEWORTH EXPANSIONS OF Technical 1985
MINIMUM CONTRAST ESTIMATORS FOR 2 , —
GAUSSIAN ARMA PROCESSES [N ’Cﬂ'o.ﬂlégolﬁ.g.l.o.? NUNBER )
- TN ; TTEGNTRACT SR GR AN T wURRER
8 Masanobu Taniguchi F49620-85-C-0008 |
9. PERFORMING ORGANIZATION NAME AND ADORESS 10. PROGRAM EL EMENT. PROJECT Tagx .
(o)) Center for Multivariate Analysis AREA & WORK UNIT NUMBEAS
(o} 515 Thackeray Hall &/ 02 F ,
o Univ. of Pittsburgh, Pittsburgh, PA 15260 A0 /f},g
< 1, CONTROLLING OFFICE NAME AND AGDARSS 13. REPOAT DATS "
Air Force Office of Scientlific Research 1985
| Department of the Alr Force Fﬁgﬂ%u
Q Bolling Alr Force Base DC 20332
< 14. MONITORING ACENCY NAME & ADDARESS(I! giltorent (rom Centreliing Olhice) | V8. SECURITY CLASS. (of thie repost)
Unclassified
. O e e T SoR RO
. SCHEDULE
[16. CISTRIBUTION STATEMENT (of thie Reparr)
Approved for public release; distribution unlimited ;
17. OISTRISYTION STATEMENT (of the ebstract sntered in Bloca 20, ! difterent frem RQDTIC—
ELECTE
18, SUPPLEMENTARY NOTES
19 &Y WORDS (Caniinue un reveree side If Recessary and identity by bleck number) '
asymptotic efficiency, Edgeworth expansion, Gaussian ARMA
process, minimum contrast estimator, spectral density, b -
validity , s, ‘
al /.
8 20 AGSTAACT (Cuntinue en teverse side If necessary and idenitly by Bloch numbder)
wd Let \{Xt} be a Ga.ussianr@RM&) process with gspectral density
o fe(x), where 8 is an unknown parameter. To estimate 8 we pro- |
Lo pose a minimum contrast estimation method which includes the '
[ ] maximum likelihood method and the quasl-masimum likellhood
E method as speclal cases. Let BT be the minimum contrast esti-
00 ,'an'ys 1473 , . Unclassified
1 Sl sgeumiTy CLASSIFICATION OF ThiS PAGE (When Dais Ente
38 ‘ B
Q [4

[
'
1

-

v

q

K

-




. * Bat Ra" Bab Rat " Rat fa’ Aak Sa’ ba Ba\u8a Vs fe e Ja' 9al $av bai Ga Vg PR W Y WA WL

UnclassingQ e

N/Jf oS » ¢ L&(Whem .. . o

mator of 6. ?hen we derive the Edgeworth expansion of the dis-
tribution of 8 UP to third order, and prove its validity. By
thls Edgeworth expansion we can see that this minimum contrast
estimator is always second-order asymptotically efficient in the
class of second-order asymptotically median unbilased estimators.
Also the third-order asymptotic comparisons among minimum con-
trast estimators will be discussed.

\

o Dl Stri"\utiOn/

"f\vail hllit?}‘(:—odes

Avall and/op
Special

ist

DTIQ

copy
INSPLCTED

a

DTIC

;@ELECTETﬁ

- 'v \ JUL 2 “t 1386 i
G4
Lo
T
Unclassified

SECURITY CLASSIFICATION OF THIS PAGE(When Date Entered)

_‘A-_‘ e e .._'-.. AR I

SRR R NI . Sl T (LT Tl ¥ Sl T Ul Sy S\

.
-
1
‘e
o
.
\
.
.=

" =

o Tl e

o, g i P

LTI WA

RO 4T 2,

e
)

p »

- o
[N

D
B,

‘o’

S




Tofas

Y Y )

aa ka4

OOV W R ST W™ Keyuygvygwy p WY

AFOSR-TR. 86-03898

VALIDITY OF EDGEWORTH EXPANSIONS
OF MINIMUM CONTRAST ESTIMATORS
FOR GAUSSIAN ARMA PROCESSES

By Masanobu Taniguchi
University of Pittsburgh

and
Hiroshima Unlversity

at B it Bt B B et Bat Rar Bot 80t A e

Center for Multivariate Analysis

University of Pittsburgh

Approved for public relessv;

DTIC

@AELECTE
B, JUL 2 4 1986

o

distridbutionunlimited.




> T oAl S Pt At Wt B Xo S g R g it Jtavaks GTE AL 01 202 a0 gt gni gt 62 i dal g o P fn g0 iR w kg £ )

' VALIDITY OF EDGEWORTH EXPANSIONS
OF MINIMUM CONTRAST ESTIMATORS
FOR GAUSSIAN ARMA PROCESSES

By Masanobu Taniguchi
b University of Pittsburgh

and
Hiroshima University

«sTa e 8

December 1985
Technical Report No. 85-49

. Center for Multivariate Analysis
.. Fifth Floor, Thackeray Hall
University of Pittsburgh
Pittsburgh, PA 15260

This work 1s supported by Contract FL9F20-85-C-00C8 of the
Air Force 0Office of Sclentific Research. The United States
Government is authorized tc reproduce and distribute reprints
for governmental purposes notwithstanding any copyright no-
tation hereon.

ATR FORCE OFFICE OF SCIENTIFIC RESEARCH (AFSC)
. IOTICE OF TRANSMITTAL T0 DTIC
“his technical report has been reviewed and is
~pproved for public release IAW AFR 190-12.
Nistribution is unlimited.
" THEW J, KERPER
Chief, Technical InformationDivision -




Py .

YO

)

KA

P ANSY

Abstract

Let [Xt} be a Gaussian ARMA process with spectral density
fe(x), where 8 is an unknown parameter. To estimate 8 we propose
a minimum contrast estimation method which includes the maximum
likelihood method and the quasi-masimum likelihood method as
special cases. Let é be the minimum contrast estimator of 8.

T
Then we derive the Edgeworth expansion of the distribution of 8

T
up to third order, and prove its validity. By this Edgeworth
expansion we can see that this minimum contrast estimator is
always second-order asymptotically efficient in the class of
second-order asymptotically median unbiased estimators. Also

the third-order asymptotic comparisons among minimum contrast

estimators will be discussed.
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1. Introduction

Recently some systematic studies of higher order asymptotic
theory for stationary processes have been developed. In many
cases such studies have used the formal Edgeworth expansions.

Thus it has been required to prove their validities. Gotze and
Hipp (1983) showed that formal Edgeworth expansions are valid
for sums of weakly dependent vectors. Durbin (1980) and Tani-
guchi (1984) showed the validity of Edgeworth expansions of sta-
tistlcs derived from observations which are not necessarily in-
dependent and identically distributed. However their sufficient
conditions for the validity are hard to check even in the funda-
mental statistics.

In this paper we propose a minimum contrast estimation method
which includes the maximum likelihood method and the quasi-maximum
likelihood method as special cases. Suppose that [Xt} is a Gauss-
ian ARMA process with spectral density fg(x), where 68 is an un-

known parameter. Let § be the minimum contrast estimator of 8.

T
Then we give the Edgeworth expansion of the distribution of aT up

to third order, and prove its validity. That 1s, as special cases
we get the valid Edgeworth expansions for the maximum likelihood

estimator and the quasi-maximum likelihood estimator which is de-
T

fined by the value minimizing f_ﬁ[log fo(X) + IT(X)/fe(k)}dX with
respect to 8, where IT(X) is the periodogram.
In Section 7 we consider the transformed statistic ém =

8y + %&n(&T), where m(+) is a smooth function. Then we give the

valid Edgeworth expansicn for Gm. By this Edgeworth expansion
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X we can see that our minimum contrast estimator is always second-
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order asymptotically efficient in the class of second order
& asymptotically median unbiased estimators if efficiency 1s mea-
[}
S sured by the degree of concentration of the sampling distribu-
. tion up to second order. Also the third-order asymptotic com-
;: parisons among minimum contrast estimators will be given.
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2. Minimum Contrast Esstimator

We propose a minimum contrast estimator which includes the
maximum likelihood estimator and the quasi-maximum likelihood
estimator as special cases.

and DC

Let D ARMA

q be spaces of functions on [-m,m] defined

by

Dg = {(£: £(x) = :5 a(u)exp(-iur), a(u) = a(-u),

Z (L + |ul)la(u)l < a, for some 4 < =},

us=-eo

SN
> a,etd

Dc = [f: f()") =G2 cj:OJ i ’ (02>O):

27, P 2

> p,etd?

j=o J

J
62 jE;ajz —
CSpmT5—. G for lz]| <1,

2 b 29
j=o 9

O<E<E<n},
We set down the following assumptions.

Assumption 1, {Xt} is a Gaussian stationary process with the

spectral density ¢ A) e D¢ , 8 e CeoBoc Iﬁy and mean O.
90 ARMA 0

1

Here © 1s an open set of R™ and C is a compact subset of o.

Assumption 2, The spectral density fe(x) is continuocusly five

times differentiable with respect to § ¢ &, and the derivatives
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.......................

3f /28, aefe/acz, 3314/260%, a”fe/aeu and 3°f,/28° belong to D,

Assumption 3. There exists dl > 0 such that

-
d 2
I(8) == f_wﬁgg log f£g(X)}%dn > &) > 0, for all & in o,

Suppose that a stretch X, = (X,,***,X of the series {Xt}

1
T 1’ T)
is available. Let Z& = Z&(Go) be the cgvariance matrix of X..
The (m,n)th element of Z& is given by f:ﬂexp{i(m-n)x}fe (\)dn.
o

Let Ap(8) and B(8) be TxT-Toeplitz matrices associated with

(

. c
harmonic functions ge(k) and he(k), where gg € Dypys
(i.e., the (m,n)th element of AT(O) and BT(B) are given by
JT T

f_ﬁexp[i(m-n)k}ge(x)dk and I;nexp[i(m-n)x}he(x)dx, respectively.

he € Dd

We impose the following assumptions.

Assumption 4. The functions g and he are continuously four times
differentiable with respect to 6 € 9, and the derivatives age/ae,

cees a“ge/ae”, ahe/ae, ceos a“he/ae”, 8 ¢ 9, belong to D Also

q
Zg and he satisfy

)-2

gg(M) 2ng(1) = 5 £5(0)72 Fr £, (V). (2.1)

Assumption 5. A function bT(G) is four times continuously diff-

erentiable with respect to 8, and is written as

-
- pa) . -
2(8) == [ g0t 5 £g(0an + o(r7h.

New consider the following equaticn;

LX) B (9)AL(9) K, = b (8), 8 9. ‘2.2)

P4

o

L)
)
~
b )
~
b)Y
b
(X




A minimum contrast estimator ST of eo is defined by a value of §

that satisfles the equation (2.2). This estimator GT includes

‘A
,I
N the following cases;
)
:’ -
: Example 1. Put gg = fg, hy =  3f,/28 and by(8) = é%tri%lg%(z&),
. then by Theorem 1 in Taniguchi (1983)
b (8) = = fﬁ £,7h 2 2 a4 o(Th)
T T o 8 98 "8 ’
: The estimator ST becomes the maximum likelihood estimator (see
: Taniguchi (1983) or (1985)).
af
1 _ 1 8 -2
Example 2. Put gg = B0 he = g;g ST fe and
1 M. -1 : :
bT(S) = 5= J-ﬂfe 55 Tg d*- Then (2.2) is written as
: \
. \
T i
1(m-n)x 1 3 -2 |
! / -
b | mee.. [ e T2 5E forfe | &g
- T T
/
: 17 -1 23
: - = f-wfe =5 Tg dr.
-
We can see that the equation (2.3) is equivalent to
()
2 7 T
{log (1) + }ax = o,
& [ nes 200 + 200
: where I.()\) = === | EEX eitxl2 Thus the estimator 6. becom
- T = 5o 2 X . s the estima p becomes
. the quasi-maximum likelihood estimator (see Dunsmuir and Hannan

(1976), Hosoya and Taniguchi(1982)).

At first we present the following basic thecrem which is
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3
useful for the higher-order asymptotic theory up to third order
in time serles analysis.
j; Theorem 1. Assume that Assumpticns 1-5 hold. Let o be an arbi-
\4
» trary fixed number such that O < a < 3/8.
2 (1) There exists a statistic 6, which solves (2.2) such that for
v
;_ some dl > 0,
i . a-1/2 -1 .
‘_ p’go[(eT-eof < a2y 21 - o1y, (2.4
.; uniformly for GO € C.
V)
(2) For (GT] satisfying (2.4),
l ~
sup [P} [{7r(8_)3%2(8,-8.) € B]
Bem o]
1
: -1
- [Apgmax] = o(r7h), (2.5)
uniformly for GO € C, where &O is a class of Borel sets of Rl
satisfying
f T =
sup | e M(x)pB(x)dx = 0(¢&). (2.6)
Be®_ " (3dB)
| o
- 2
- -x 5 ( ( %)
‘ sere F(x) = —— &% /2, and pg(x) =14 Ax) PTX) where qx
:‘ A/E—TT_ A/T
Sd
and r(x) are polynomials.
. In Section 6 we shall give the coefficients of q(x) and r’x’
oy using the spectral density fs.




3. Stochastic expansion of minimum contrast estimator.

a

In this section we derive a stochastic expansion of ST.

We set down

Let

where éT(B) =2 . Henceforth, for

simplicity, we sometimes use A, B, H, 2, Zl’ 22 and Z3 instead of

An(8), Bo(8), HL(O), Z%(B), 71(8), Z5(8) and Z5(8), respectively.

It is easy to show that

f=-a"taateat - aleattAat 4 aviEat, (3.14)

ey -1, ,-1; -1 1 1 1 1 1

= A TAATTAATRATT 4+ A”

NIV

BAT TAATTAAT

1,,-1=-1 -1, -10,-1

L ATTRATTAAT T + A TAA 2A°

RA™ 1

1 1;,-1,,.-1 -1:, -1:.-1 -1

BA”1aa R - Sl

A~ a1t

10,-1_,-12,-1 1:,-12, -1 -1, =10 -1

oa~taa"tea N Vo R -V Y

-1, -1

A A",




Since the minimum contrast estimator is approximated by simple

functions of Zl’ 22 and Z3. To give the asymptotic expansion,

we must evaluate the asymptotic cumularts (moments) of Zl’ 22

and Z3. The following lemma is useful to evaluate them (see

Taniguchi (1983)).

LEMMA 1. Suppose that fy(X),...,f (X)) e Dy, g (A),...,g,(}) €

c
DARMA' We define Tl,...,TS, Al”"

matrices associated with fl(x),,..,fs(x), gl(x),...,gs(x), re-

,As, the TxT-Toeplitz type

spectively. Then

-1 1. -1 -1
1" -1 -1 -1
= 5= ‘J fl()\)...f’s()\)gl()\) . .gs()\) ax + O(T ).
-7
We write
EqZ,(8) = Hﬁ%} + oo(T™h). (3.6)

Here u(8) will be evaluated explicity for some cases in Section 7.
Using Lemma 1 and (2.1), it 1s not difficult to show the following

lemma.

LEMMA 2. Under Assumptions 1-5, we have

..]_)

Eg(z,(8))% = 1(8) + o(T™1), (3.7)
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Eo(2,(8)24(8)) = L(8) + o(r"1y, (3.10)

Eq(2,(8)}% = m(8) + o(T"), (3.11)

Ey(2,(8)%2,(8)) = %N(ea) + %J(eme) +o(T73/2),  (3.12)

cumg (Z,(8),2,(8),21(8).2,(8)) = H(8) + O(T™?), (3.13)
By (7 u5ln(8)) = - I(8) + o{T71), (3.14)

1 2% _ -1
Eq TBT;ET(QH = - 3J(8) - K(8) + O(T ), (3.15)

3
Ee(—%-;?; 0,(8)) = - LL(8) - 3M(8) - 6N(8) - H(8)

+ o(T™ 1)y, (3.16)

alT
J(e)=- 21;\] [gagfe(x)ﬂfe(x)’:"‘dx

18 2

S d -2
+ WJ_n{ﬂfe()‘)}{er()‘)}fe()‘)

dx,

ATl -
K(8) = o= (S5t (0)13r,(0) 3,

ave s a0 ]

-4

u 1T 2
n(8) = 2 (ga-gfe(x)]”fe(x) an - A [a—agfe(x>}2{;Téfe(x)}fe(x)‘3dx

17 2 a3 -2
(sxfa (M)} (s fa (A} IEA(A) AN,
A IC TNEVPI < NI ENCY

187 4 -4 AT -
u(8) = 2 (Zrg()Fre () tan - & (Bégf‘e()\)}g(a?-fe(k)}fe(x) 34x
-7 -Tr o)
e ‘., TR ~" :;4.'\ """" A e e R RN O ";'; : -. ''''''''' RN O
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T 2
+ =] {§%gfe(x)}2fe(x)‘2dx,
-1

Pl all 2 J
N(8) = --%J-w[g%fe(x)}ufe(k)-udl + f%J_ﬁfg%fe(k)}e[gégfe(l)}fe(k)-3dxy

T
H(8) = é%J_wfg%fe(X)}ufe(x)‘udx.

_ =1 -1 -1
Put BT = Al F1A2 "'rs-lAs , Where rl""’rs-l’Al”"’As are
TxT-Toeplltz type matrices associated with some harmonic functions
1 s-1 1 c [
ug )(X) € Dgs oees ug )(k) € Dy» Vg )(k) € Dppma’ ***? vg )(k) €
c
DARMA’ respectively.

LEMMA 3. Under Assumption 1, for every 8 > O, and some 4, > O,

2
we have

Pl IRty - Eg(NiBrky) | > 77 = o(TTh),  (3.17)
uniformly for 8 € O.

[ PROOF] Choose an integer m > 1 sc that 2n8 > 1. By Tchebychev's

inequality, we have
l 4 t
Pl =B eky - Eg(fBeky) | > 257°)
< Bgl¥tBofp - Eg(KIBXp) 187/ (a,7%)8M, (3.18)

Since ES[E&BTﬁT - Ee(}‘g,i,BT}‘gT)]gn = 0(1) (see Lemma 4 of Taniguchi
(1985)), (3.18) implies (3.17). o

LEMMA 4, Let YT be a random variable which has the stochastic
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N
o expansion
‘g
y = v(3) -3/2
L
where the distribution of YéB) has the following Edgeworth
expansion:
g p(v{3) ¢ B) = J‘Bg(x)p%’(x)dx + o(t 1y, (3.20)
Cal
) where B is a Borel set of‘R1 satisfying (2.6). Also §T satisfies
-1
Plleq] > o/T} = o(T77), (3.21)
” where Pp ~ 0, DTT]'/2 - © 35 T - o, Then
2 _r T -1
: P(Y, € B} = -Bﬂ(x)p3(x)dx + o(T ), (3.22)
- for B € @O. c
- The above proof proceeds on a similar way to Chibisov (1972).
’.
' PROOF OF (1) IN THEOREM 1.
& In this proof we develop the discussion by using the argument
similar to that of Bhattacharya and Ghosh (1978) and Taniguchi (1985).
- Consider the equation
-1 -1 d
0O =T BT(BO) + T (e-eo) KFET(QO)
2
-1 2 3
+ (2T) ~(8-8,) —=bo(8,)
- az
- -1 3 3
- + (6T) (9-90) g;?zT(eo)
o
o
. + Rp(8), (3.23)
)

............................
...........................................
..........................................

* o i T T e o 0 e L Y T e AT
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where RT(G) is the usual remainder in the Taylor expansion, for

which it holds that

"
' 4
X 1 i d
3 IR (8) | < =gml6-8,] sup |=—fn(8") 1. (3.24)
- T = 2% " o' 1g1_g|<|e-8 | 28" T
s - O
In view of Lemma 3, we can see that for every a > O there exist
positive constants d3 and du such that
- T a -1
S Peo[lzl(eo)l > daT7] = o(T"7), (3.25)
2 -1
g Ps [125(85) ] > 437%7 = o(T™), (3.26)
T a -1
Peo[lz3(eo)l > d3T"] = o(T™ ), (3.27)
pl [|i(—3533 (8 ) - E _35313 (8 1] > a,T% = o(T" %), (3.28)
90 ﬁ ae T O eo ae T (o} 3
- T 4 -1
: PQO[IRT(G)[ > fe-8_17(a,T%1] = o(T 7). (3.29)
’ Therefore, on a set having Pg -probabllity at least 1 - o(T-l),
4 o}
o for some constants d5 > 0 and d6 > 0 we can rewrite (3.23) as
! -1 -1 2 32
8-8, = (I(eo)+nT) [5T+(2T) (e-eo) SEEET(QO)
+ (6T)"L(e-8 )3 >3 (8 ) + a.l8-8 |%.] (3.30)
- o/ g3 T O 5 ol st D2
N where " and &T are random variables whose absolute values are less
ﬂs than d6T'1/24a and Cp is a random variable whose absolute value is

less than duTa. There exist a sufficiently large d7 > 0 and an

integer T such that if T > T  and (9-80{ < d7T'*/2+a, (O<a< 3/8),
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the right-hand side of (3.30) is less than dTT'1/2+a. Applying

the Brouwer flxed point theorem to the right-hand side of (3.30)

we have proved (2.4). =)

Now we set down

Vp = VT(878,),

In(9) = - 38glggln(8)),

and
z,(8) 2Z2,(8)z,(9)
_4 1°0220°)  (35(6)+K(8)) , (42
: ) " Lo er(erdm 1
1 2 1 2 ] 8 }
+ 373735(21(8)22(9) + 329(8)%25(0) + 31 3g§(g)K( Lz (8)22,(0)

2
N {3Jé§g:§£e)} z.(8)3 - 4L(S)+3Még%E§N(8)+H(Blzl(9)3}.

LEMMA 5. Under Assumptions 1-5, we have the following stochastic

expansion
JT(8,-8,) = U(8,) + T'3/2<.:T, (3.31)

where (., satisfies Pg (’CT' > pTJF} = o(T for some sequence

pT - 0, p/T =~ ® as T - o,

[ PROOF]

~

From the equation /£ GT) = 0, we have

(

0 =1z,(8,) + T’l/zzg( o)V = Ip(8,)V
P 103/2027 6 302 o 2D (6 )13
3R + 06
1 -
+ (2rptp(8%))v, (3.32)
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* A
where |86 —GOI < IST-eolf We rewrite (3.32) as

Z.(8.) Z.(8.)V 2
1l'o 2\ 0/'T 1 1l 9
Vo = + (= 2.(8_)IVe
T ) (s,) ¥ 2/TI,(8,) | 26 r(%) /¥y
3 4
1 13 3 1 13 S
(& Ln(8 )1V = £.(8 . .
¥ 6I,(8_)T T 287 o(8) V7 + euIT(eO)TJT{T pustl Wiy (333)

Noting (2.4), (3.25)-(3.29) with 0 < a < 1/10, we can write (3.33)

as
y/ am(l)
Vp = v 4 ——— (3.34)
JT

=

where Pg [IaT(l)I > d8T2a] = o(T_l), for some dg > 0. Substituting
o
(3.3%) for the right-hand side of (3.33), and noting (3.15) we have

2.2

1°2 334K 2 , 2

z (2)
Vp = + zS + X

T JT1° oy Y T

) (3.35)

T -
where Py [[aT(2)| > d T3a] = o(T l), for some d9 > 0. Again substi-
o

9
tuting (3.35) for the right-hand side of (3.33), and noting (3.16)

we have

Vo = Ug(8,) + gT/T3/2, (3.36)

where PL [1¢.] >4 5a] = o(T'l), for some 4 > 0. Since
eo T 10

107
0 <& < 1/10, we have the desired result. o

REMARK. By Lemma 4, the Edgeworth expansion for JT(GT-G ) (up to

o
order T'l) is equal tc that for UT(BO) on B ¢ & . Thus we have

only to derive the Edgeworth expansion for U Q

o)'

7
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4, Asymptotic expansion of characteristic function.

As we saw in the previous section we have to seek the Edge-
worth expansion for UT(GO). To do so we have to derive the Edge-
worth expansion for Z = (21(9), Z,(8), 23(9))'. Thus, in this
section, we give an asymptotic expansion of the characteristic
function of Z.

Put

T(t)= Egle’L'R),

where t = (tl,tg,t3)'. Then it is easy to show

- 2i s1/2 ' * s 1/24-1/2
t(t) = det{I(TxT) - = z (tH + tH + t3H)Z }

i ) [
X exp - —(t,Tb(8) + t trHZ + totrHZ ), 4.1)
(81T (8) ) (

2 3

where I(TxT) is the TxT-identity matrix. Let pJ be the jth latent

_«1l/2 1/2 2 2
root of § =2 (£187 + t,5; + t3s3)2 (p] 2 -+ >0 2 0).

Or course each pj 1s a real number. Then we have

T
1 21
log t(t) = - Z log(l - = p.)
(%) 2 j=1 ( JT 9
i * e
- -—T(tlTbT(G) + t trHZ + t3trH2). (4.2)

Notice the relation

log(l-ih)=-ih+?—+—r-—r——5—

+ h6ﬁ(l - V>5 dv =, (“-3\




...............................
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“ where
[ ”l
< Ja-v)y —2 <1
’ ‘o (1 - 1ivh)
-
) (e.g., Bhattacharya and Rao (1976, p.57)). By (4.3), the relation
W (4.2) is
- 2 3
- T 2ip bp Bip.,
R log t(t) = - % > [- R
N j=1 JT 2T 3T/T
160, 25155 26, 6y,
e sl ——T_%J]
¥ iy 5T
3
s - jiT_-(tlTbT(e) + totrHZ + totril ), (4.4)
.
f:.

where |y,] < 1. Remembering (3.6), we have
gh =

2 3
. log t(g) = 1t (L 4 o(r71y) 4 Lotrs? + HZ g3
:: «/T 3T~/T
-'- )+ 5
M
+ %%—trs + ;$;7§tr35 + Rgs (4.5)

~ 2 3 R
! Strs® = Z {ag + LI 0<T'3/2)}(1tj)<1tk), (4.6)
J:k"l
3 3
8%*%83 = Z (Ayp, + O(T-l)}(itj\(itkw(itg), (4.7)
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4 3
481 trst = z
J,k,l,m=l

(A + 0(T™H))

Jkim
X (itj)(itk)(itg)(itm), (4.8)

5 3
3—8—;*—1—“35 = 2

' {a + 0(T" 1))
J.k,l,myn=1

Jkimn

x (itj)(itk)(itz)(itm)(itn), (4.9)

6 6 3
=—trs° = 2 {a

o(T" 1))
T J. ’k ,/g ’m ’n ’p=l

jkemnp T

x (1t,) (1) (16,) (16,) (18,) (1t,). (4.10)

For examples we can see that A, = I(8), A;, = J(8), A3 = L(8),

A, = M(8), A = K(8), A = N(8),

112 = H(8), e.t.c..

22 111 Ai111

Thus (4.5) is written as

log <(t) = it. (2(8) 7))
o (~) 1ﬁ + of )

+ % J’%ﬂ[%k + Byy/T + O(T-?’/Q)}(itj)(it}{)

¢ L ‘34? (A Lot h)) (1t (1t ) (1t,)
6/T § k. 0=1 %t SRR AR

+ L z3‘3 {a, + O(T-l\,}(it Y(it, ) (it ,) (it )
24T §,1,0m=1 JKIM A R T A

+—_i_’37§ % {Afk»m+O(T_l)}(itﬂ(itk)(itﬂ(itm\sitq\
1207 J,k, 7/, mn=1 <7F J / !

W

‘v’~ r T

| RS

5N "y 5 V]
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/tl+t2+t3. If Q

We set down O = [AJK], 3x3-matrix, and ”EH =,
is singular it is not difficult to show that

71(8) = c1(8)2,(8) + a;(8) = c,(8)Z5(8) + 4,(8), a.s

=1,2), (4.12)

for some constants c,(8), di(e), (1

which implies that the joint distribution of 2 1s reduced to that

of Zl’ Thus, without loss of generality, henceforth we consider
the case when Q is nonsingular.
If we take T sufficiently large, then for a 61 > 0 and

LEMMA 6.
for all t satisfying ”E" < 61JT, there exists a positive definite

matrix Q  and polynomial functions F,(-) and Fy(+) such that

Im(g) - A(L:3)]

= exp{- % t'at) x FI(HEH)-O(T'3/2)

A

+ expl- £'a_t) x Fy(ligh)-0(173/2), (4.13)

where
A(t:3) (- 2¢rat) x [1 el
:3) = exp(- x +
~ ) T
1 3 .
” jykrl"_l
L 3 W8 (1t )?
+ 5= ; E;lBjk(itj)(itk) +

)
1. . N
o T, Apoa(it) () (1)

..............
...........



el
l -
- tar= D An(ito)(it)(it,)) (it )

; 3
. 1 . . . .
. + oT j’K’£’§lK;g;=lAjszJ'k'g'<itj)(ltk>(ltg>(itjt)(ltkl)(ltzt)].

[ PROOF] From (4.11) we have

T(t) = expfl- leiae) x exp(it, (= + 7t }
= B L 1%y T of )

3 3
1 . 1 .
+ 5= J,§=lBjk(ltJ)(itk) + e jE’zzlAjkp(itj)(itk)(ltp)

- farm T Anon(es) (1) (1e,) (1t))

(HE,”)O(T'3/2)], (4.10)
where F3(-) is a polynomial function. Applying the relation
le? -1 -z - %?! 5.1%%3e!z! (4.15)
%} to the second exponential in the right-hand side of (4.14) we have
I7(5) - A(£:3)] = expl(- 2trag) -F (Igh o(r™3/2)
+ o(T'3/2)-Fu(l¥£|!)°expf- —é—p_'ﬂg}

T—1/2>},

Ptk T \ltj)(ltk

(B, + 2
X exp[]itl[% + (T-l)} +% > _Jk (

)

1 S , X
. 4+ = T (A, + O(T Vit ) (it ) (it )
. 6./T J’,K,V Jkﬁ/ ( ) ( J( k)( [/

< Lz -1y ¢y e viie
N * j,K,Z,mfAjkpm +O(TTIVI (Lt (A8, ) (38, (1t




2l

1
+ 2 (A, + o(T
1201372 3,x,7,m,n  JK4mn

+R6|], ‘:’)'l'.l6\,\

A&

-
.

where FM(°) is a polynomial functicn. Let w > O be the smallest
eigen value of Q. Then for sufficiently large T, we can choose

8§, > O so that

1
. % - ii %f la | - Ei_ ;3 A |
- > jk,0=1 K4 24 5 x,? m=1""Jk/m
613 5,4 :
: T 20 05 mn Moktmal T 270 j,k,§€m,n’p=1'A3kﬂmnp'
> 0. (b7

Thus the last exponential term in (4.16) is dominated by

exp[ 8, (u + o(T"H2))1expl J£hP (2 + o1 1)1,
: for ligl < 6,./T, 4.18"
* which implies the existence of % in (4.13), o

We alsc have the following lemma.

- LEMMA 7. inder Assumpticns 1-5, for every - > 2, there exists

62 > 0O such that

3
& fe= /)
\ sl /U
< ()] < (1 + hor 1TV , Lo
o
d
for all t satistying Ut > n/T, where q(T' = [2T]. for scme

.
-
3
-
»

constant c.
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[ PROOF]

Notice that pi = mgx e Sge, where g = (61!---;eT/ € PT

~

and g'g = 1. Also we have

e's%e = 2'{21/2(1311{ + t 0 + t3ﬁ')21/2}29

<2t T/2amanl 2 | o2 m 2y r an V2
+ 2t] 26 7125 i o1/, (4,20
It is not difficult to show that

g'}_}l/gHEHzl/ggf Cq (h,21)

E'ZI/QI:IZI.{E]‘/22 <c (4.22)

21/2 Z"Zl/2 <c (4.23)

where C1s G5 and 03 are some positive constants. For exposition

we precve (4.,21). since fa(2), hs()\) € Dy and g4 « DARMA’ we can

set

£, = mix fo() < w,

o

] = max [lhg(M) | < =,

0q

= min Zg () > O.

Thus, using discussicns of Anderson (1971, p.573-4) we have

Q'ZJ'/EHZHZI/22 = g'?l/gA'lBA a"lza ‘Z‘l/g
2t ®
< 2,21/2A-1BA-1 . A—lBA-lZl/EE

\ o) y Q-fl/
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= 2nr o T2y 1pa"1/2y "1y "1 2, 151/

2 -l
rrgl ®
< 2nr e T2y 1py "2 ' a2y 1yl/2,
0 2ﬂgl
£
- = e 'T1/2y~1pp gy~ 151/2,
1
£
< 1 orml/24151/2551/2) - 150/2,
1
2
walhl

I A

—7 o2y -1, 1nl/2,
gl ~ ~

£1h] £1h]
<—r-g'g = —p < = (4.24)
21 g1

Thus we have proved (4.21). The proofs of (4.22) and (4.23) are

similar. From (4.20) we have

02 < vov <02 < IglPeay, (4.25)

for any t, where dll is a positive constant. While by Lemma 1,

we get
T
771 5 0% = 17 lgpg?

j=1

= L jm (t.A(N) + t,B(N) + t,c(0)}%ax + Jeh®o(r
Zm 41 2P\ 3 bRl ~
Nen?2 2
dthe om t A(X) 4+ tB(X) + t,C(12)

== [ 2 30} an
Cal Nel

+ ”EHQO(T-I), (4,26)




AT P o n

24

where A(\) = % g%fe(l)‘fe(l)-l,
2
B(X) = %[‘Qfg()\)-e(gagfg()\))g + fg(x)-l‘;?zfg(l)}:
and
2
C00) = (6250 (P (1) - 67500 B (1)2geg ()

3
+ fe(x)"ls—egfe(x)}/z.

Since we are now assuming that Q in (4.11) is nonsingular, the

functions A(\), B(X) and C()) are linearly independent in the
m

Lg-norm (J l-|2dx). So we can show that for sufficlently large T,
-TT .

there exists d12 > 0 such that

T
T‘ljglpi > 1glPay,, (4.27)

for any . The relaticns (4.25) and (4.27) imply that there exist

fl

65 > 0 and q(t) [cT] such that

2 2 12
pl 2 * e 2 pq(T) 2 62”t[I .
Noting that
T
. L 2.-1/h
)= T+ s etV
j=1 ’
-1/b
S gn (=2 e
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5. Edgeworth expansion for Z

In this section we shall give the Edgeworth expanslon for Z.

o
! We set down g(x.r) = Lg eiPp: Lg - &H <r, x epr} . For a proba-
f bility measure P, we denote the variation norm of P by [I[Pl. The
< following lemma 1s known as a smoothing lemma (see Bhattacharya
) and Rao (197f, p.97-98 and p.113)).

LEMMA 8. Let P and @ be probability measures on Iﬁ)and ®P the
E class of all Borel subsets of‘Rp. Let € be a positive number.
s
. Then there exists a kernel probability measure Ke such that

sup |P(B) - Q(B)]

A Berﬂp
2 2 4 2e
; 53{!(P- Q) *Kp | + % sup Q((3B)°7), (5.1)
o Be®®
f where K, satisfies
s o e 3
: Ko (B(Q,r)¢) = 0((2)), (5.2)

and the Fourler transform K8 satisfies

Re(t) = 0 for lgh > 8p"/3/m1 3¢, g

2 B st
1 2 u2
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3 3
1 1 b
Ter J §L1BJKHJK(5) T BT 3,k z=1UA3szljk£(£)

3
1
+ — > A H. (?,)
LT 3,5,2 m=1 Jkfm " Jklm

3

* ﬁj k g ?,k"g'_lAjszj'k'z'ij‘@J'kfz'(,z,)]y (5'3)
Th A L S

2 ~’
s s
1 s N(z:Q) 3z, ...dz

This measure QZ(3)(-) corresponds to the characteristic function

A(%:3) in Lemma 6. Then we have the following lemma.

LEMMA 9., Suppose that Assumptions 1-5 are satisfied. Then

sup IPE[% e B} - Qé3%B)| = o(T°l)
B e® =~
+ 1 sup Qé”((aB)ge}, (5.4)
Be®
uniformly for 8 ¢ 6, where & = T-l-p, 0<p < 1/2.
T s d (3\ Pl T/ N/DY 2
[ PROOF] Substituting Pe(: € B} and Q 7/(3) for F(Z) and 2/7 ir

Lemma 8, respectively, we get
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Notice that

g - a3y,

A~

e

2 sup(| (P} - QéB))*Ke(B)l; B ¢ ®)

Py

1A

2 sup(|(Pg - QéB))*Ke(B)I; Be® and B B(Q,ry))

+ 2 supr(Prg - Qz(_B))*Ke(B)I; B ¢ ® and R & B(Q.rT)C],

(5.6)

where rp = TT, 0 <t < 1/5. Here we put & = T_l-p, 0 <p < 1l/2.

Then, for B & B(Q,rT)c we have

(75 - a3)) "% (3) | < Ik (3) ] + 0f3 ) ¥ (3]

< pplizll > roy2) + Ke (B(2,r/2)°)

+ Qé3>[B(Q,rT/2)C] + Kg (3(2,r/2)°). (5.7)

It 1s easy to check




The relations (3.25), (3.26) and (3.27) imply
pa(lizh > v /2) = o(T71). (5.9)
While (5.2) implies
Ke (B(Q,rp/2)%} = 0(17373P737) = (771, (5.10)
Thus we have

(55 - {3))%k, (B) | = o(17 1), (5.11)

~

for B © B(Q,rT)c. Now we have only to evaluate

sup{l(Pg - QéB))*Ke(B){; B € B(Q,rp)].

By Fourier inversion we have

(75 - 083 e (2)

3/2 r . . .
< (am)73 "3r(3)T [18Y - @f3))(p)%e(2) lag. (5.12)
2 \2 ~

A

By Lemma 6 and noting Qé3)(g)= A(%t:3), the right-hand side of (5.12)

L]

is deminated by

O(T3T_3/2)f lexp{-
lell<s

“
"

e

+expl-g'aot) x Fo(lgh) 11K, () lag

+ o(T3"

1(7f - a3 ek,
b /T<liglc 8(3)"/3pite - /3008 TR e
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Evidently the first term of the above is of order O(T'A/B). Also

by Lemma 7, we have

o(r3™) |

(75 - a3 (ke 2) lag

6, /T<liLl<B(3)"/3ql*e /n1/3

" - Ll' ’ -1
< o(m") dyo(1 + bo,6. 17T Mgy o oLy,
J61ﬁ<“E”§dlL;Tl+p 13 21 \

where d13 and dlu are appropriate positive constants. The above

(5.14) 1s dominated by

o(r3 ™330y (1 4 we,6)7UTY L o(rly <o) (5.15)

1

Therefore we have proved

sup{l(Pg - Qé3))*Ke(B)|; B € B(Q,rp)} = o(1"1y,

~

which completes the proof.

......................
..................................
...................

...........
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6. Proof for (2) of Theorem 1.

Consider the following transformation

Wy(8) = 25(8) - L(8)I(8)7 2 (8). (6.1)

é Henceforth, for simplicity we sometimes use W,, W, and W3, instead

3 of wl(e), W,(8) and W,(8), respectively. Evidently (6.1) is a

3
continuous bijective transformation. We denote (6.1) by W = x(Z),

where W = (wl,w W By Lemma 9, we have

2’ 3)"
sup_|PR(z € x1(3)) - {3 (M (3)) |
Be®3 ~
26

= 3 sup {31 (ax71(3))%7) + o(T7h). (6.2)

Be(B3 ~

Here we put Qé3)(B) = Qé3){x'l(B)}. Then it is not difficult to

show

Q&3)(B) = IBN(WI:I)N(WQ,W3:Q2>[1 +
. 3 C(l) 3
_Jd 1l (1)
:: 3 R J,k%:lcjkéHJMKE)

.2 +.T£- 2 (c(3> + C(I)C(l))ij(ﬂ)

1 3
- ) (1)
J,K,Z,m=1 J

1)
CéﬁmH3k2m<E>




. (1)
I,k %:m=1cjk£mHJkZm(ﬂ)

3
(1) (1)
J»R,E,§2k12'=1c3k2 S HAVALEIN EEINIALS

ngT(E)dE, say, (6.3)
Wl
where W = (wl,wz,wS)', N(wl:I) = (2n)'l/21'1/2exp - 5%_

and N(W,,W.:0,) = (2n)‘l|02|'1/2exp - %(wg,w3)nél(¥§),

0 - (022023
2 7 | 05,053

), 2x2-matrix.

For examples we can see

Since x 1s continuous, we have

1

ax1(e) e x7t

(3B),
{ax'l(B)}26 = (x"1(2B)}%C.

By the continuity of ¥, there exists a > 0 such that

Thus we have




-‘ .

s,

'

LEMMA 10. Under Assumptions 1-5

sup IPE(W, € B) - Qv(q3)(BH

A~

Be®
4 e -
= 3 sup o3 ((28)%%) + o(17h), (6.6)
Be®3 ~
uniformly for 8 ¢ 6, where a 1s a positive constant and € = T_l_p,
0<p < 1/2. o

Now we rewrite UT(G) in Lemma 5 as

2
Wy Wy, (T + K)WY
Up() ==+ 5= - 3
T I°JT 21°. /T
1 2 -5J - 3K\2 1.2
+ ﬁ{wlwz + (———2I WiW, + 5 W) W,
2
20° + 3KJ + K5\ 3 _ L+ 3M + 6N + H 3
+ Wy - w2}, 6.
( - YWy = “1} (6.7)
Consider the following transformation
Sl = UT(E)
ﬂ 82 = W2
. - 6.8
] S3 W3 (6.8)

We denote (6.8) by S = ¥(W), where g = (81,82,33)’. For sufficiently

large T, we can take a set

a

Mp = (U: lwil <ec,T

(e]

, 0O <a<1/6, ¢, >0, i =1,2,3)}

i i

such that ¢ is a C"-mapping on M

Tc
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By (6.6),
sup [PL(W ¢ ¥™1(B x %)} - QM(P)W’I(B x B%) }]
Be® ~
= 2 sup o3 (a3 x 82))28) 4+ o(T7L). (6.9)
S5 4

We can see that

-1 2. |
o¢§‘3>w (B x R%) ) = “rw‘l(mez) (%) dw
- -1
- . a T
JMan'l(BxJR‘)qT(m ¥+ olm )
- ap (v 1(g) 17lag + o(Th), (6.10) ?

(BxR%) g

where N = ¥(M;) and |J| is the Jaccobian. Since we can solve
so that

2 2 2
S,S (J + K)S Js5s S3S
W. = T.§. - 12 1, 7172 2173

1 T 2,/T IT 2T

2 3
(-3¢ - JK)s
N 1 + L # 3M + 6N + HSB + o

-1
2IT 6T 1 (T°7)

,  (6.11)

uniformly on MT’ it is not difficult to show that

ap(+H(8)) 7]

21(8)  2(8) ) ;

(6.12)

uniformly on NT’ where pl(g) and p2(§) are polynomials of 5. Thus




L

N(InS,:)N(S,,8,:0,)
2 {meg}nNT T1 277372

|
e
=
i
—
2
=
p
2
>
n
~
[
3
+
)
4
+
p—

X N(Sp,5510,)d5,d5,1ds; + o(T™1). (6.13)

Calculating the square bracket in (6.13), and noting that

ot x B2 %0

~

= Qé3)[$_lf(5B)be x Ee}], for some b > O,

u

we have

T n T
gggofPe[JTT(GT - 8) ¢ B} - fgd(x)p3(x)dx[

:% sup beg(x>p§<x)ax + o(TY), (6.14)

BE(BO (3B)

(remember (6.9)). Here

A x Y
pg(x) 1+ 224 ——L(x3 - 3x)
JT 6T
1,P5 ai 2 1 MYy 2
+'§(—T—+—i\_)(x 1) +<27_|TI\+ KT)(X - fx% o+ 3
2
;;—E(;ﬁ 15x" + k5x? - 15), (6




where
J + K o1
a, = - +
1
213/2  11/2
_ _ 37+ 2K
Yq ——3375—
2 A 772 4 14K + 5KC L 4+ MN + 3 2u(2J + K)
92 = 4+ = + : - -~ - - —
5. = 12(2J + K)(J + X) LT + 12N + 3H
1 3 - 2 4
I I
where
Var[Zl(B)} = I(8) + MTQ + o(T'l), (6.16)
I.(8) = I(8) - ﬂéil + o(t (6.17)

Remembering (2.6) we have proved (2) of Theorem 1.

More explicit
forms of (6.15) for the exact maximum likelihood estimators are
given in Taniguchi (1985).
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7. Third order asymptotic properties

of minimum contrast estimators.

Taniguchi (1985) discussed third order asymptotic prop-
erties of maximum likelihood estimators in the class of third order
asymptotically median unbiased (AMU) estimators, and showed a cer-
tain optimality of maximum likelihood estimators. Using the EZdgze-
worth expansions of minimum contrast estimators we can discuss

their third order asymptotic properties in this class.

If an estimator ET satisfies the equations

lin T(k'l)/glpg{JT(ET - 8) <0} - 1/2] =0, (7.1

lim T(k'l>/2lpg{JT(3T - 8) >0) - 1/2]
T—eo

o’ ’/7’2\'

then ET is called kth-order asymptotically median unbiased ‘kth-

order AMU for shcrt), We denote the set of kth-order AMU estimators
by Ak‘ In general the minimum contrast estimator éT is nct third
order AMU. To be so a modification cf 5T is required. The rollcw-
ing theorem givses the validity of Edgeworth expansion for modirfied

estimators of OT.

THZCREM 2. Suppose that m(9) is a continuously twice differentiable

function. Define

Then

sup [P[./TI(8 - &) ¢ 3]
“z@
C

_1\‘,

~J
e}

Al
- Az yiayl = o(T
=




uniformly for 8 € C, where

{a; + /Im(8))y +~Ll—(y3 - 3y)

2

(8) + In(8)° + 20,vTm(8)} (y° - 1)

(y4 - 6y° + 3)

[ PROOF]

Since m(+) is continuously twice differentiable, we have

Loe)

+ Y=m

T
+ T8y - ) BLE) 4 732 0mT(, - 6))2ur e (8%) /T,

(7.4%)

where 8 S g+ s GT.

By (1) of Theorem 1 we have

PALL/TT(8y - 6))2m! (6%)WT > T2%] = o(T 1), (7.5)

20-1/2

for O < a < 1/4., Putting Pp = T in Lemma 4, we have only

to derive the Edgewcrth expansion for aTUT + ST’ where aT =

(1 + m'(8)/T}, Up = JTI(BT - 8) and Sp = J%m(e). By Theorem 1,

we have

sup PE[UT e B} - f Q(x)pg(x)dxl = o(T_l).

Be@o B

Lemma 4 implies that
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sup ng{JTT(ém - 8) € B} - Pg{a Un + S € B}

36@0 T°T T
= o(T 1) (7.7)
Also we have
sup IPg[aTUT + sp € B} - I ﬁ(X)Pg(X)dXI
BeB®, aTx+sTeB
= o(T™ ). (7.8)

Transforming y = apX + Sp, it is not difficult to show

n

J ¢(X)p§(X)dx =J ﬁ(Y)q£3(Y)dy + o(17h). (7.9)
aTx+sTeB B
The relations (7.7), (7.8) and (7.9) imply our assertion. o
- _K(#8) u(8) 8% = o
For m(8) = - , we denote 8., = 8_. In this case
8) 61(8)° I(8) T m
we have
COROLILARY 2.
sup |P§[JTT(§; - 8) e B}
Be®
o
YiX v
- [oerr + 2=+ =23 - 3x)
ST 64T
L le@n, & _ 20", 1355° + 216K + 70K
2T I I I 3613
S 3L+ M+ BHy 2 1) 4 i[E-]: + Z-l-)(xlL - 6x° 1 3)
2 T 24 6
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(4
Ca
Pd
” REMARK
< *
Q Of course BT belongs to A2, and we can see that the asymptotic
- x
N distribution of BT (up to second order) coincides with that of the
hY
N second order efficient estimator (see Taniguchi (1983) or (1985)).
> REMARK
: It 1s easy to check that 5; is third order AMU. Alsoc it is
eq = 2n + A - 2u' that depends on the minimum contrast estimator.
¥ ax
:Z Let Gi(i = 1,2) be the modified minimum contrast estimators
- with My s Ai, Ny and mi(i =1,2) in place of u, A, m and m, re-
spectively. Then we have
" CORQLLARY 3. For B = (-a,a), a > 0,
~ A
lin T[PL(/TI(8] - 8) € B} - Pg(J/TT(8; - 8) ¢ B)]
T—o&
1
=1 af(a)(2(ny - ny) + 8 - 8y + 2(uj - wh)}, (7.11)
_ ; _ ' A+
Thus if 2n1 + Al 2u1 is smaller than 2n2 + A2 2u2, then 91 is
better than 5; in third order sense.
.i EXAMPLE 3. Let {Xt] be a Gaussian autoregressive process with the
i spectral density
o 5
o] 1
f ()\ = == ’
where |8] < 1.
. Let é; be the modified maximum likelihccd estimator of 2 de-
n fined in Example 1). Also let é* be the modified quasi-maximum

2

-
-’
<

Lot

L ar e
*
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likelihood estimator of 6 (defined in Example 2). Then we
have
=0 A__392-1 n, = -4
M1 ’1‘(_’2‘1_9)2’1‘ 1’
2
u = -8 A2=-e -1 'n2=o
2 (1 - 69 (1 - 8%)2

For this case, the right-hand side of (7.11) is equal to
4 ]
Ta,@(a) I—-—eg_

which coincides with the result of Fujikoshi and Ochi (1984).

~

* ~ ¥
That is, Ql is better than 62-
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